XY Scatter Linear (Best) Fit – Behind the Scenes

Previously we made an XY Scatter graph of data to explore how the price of a gallon of gas depends on the price of a barrel of oil. 
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Here we break down where the three numbers (slope: 0.0622, intercept: -0.6697, and R2: 0.7242) come from.  It will also provide some experience with Excel formulas. (And if we learn something about statistics and linear models – bonus.)
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Right click on the gray 1 in the upper left, and choose Insert to add a new row.  Repeat. 

We are trying to explain this data with a “linear model” which is characterized by two parameters: a slope and an intercept. I made a place for entering these parameters and picked two points (one from the low end and the other from the high end) just to have a guess to start. 
(X_low, Y_low) = (50.98, 2.59) and (X_high, Y_high) = (66.28, 3.4)
Slope is rise over run, so 
Slope = (Y_high – Y_low)/(X_high-X_low) =(3.4-2.59)/(66.28-50.98) ≈0.0529
For the intercept use the equation y=mx+b solved for b: b= y-mx and one of the points I chose (X_high, Y_high). 
Intercept = y_high – Slope*x_high = 3.4-0.0529*66.28≈-0.106
These numbers don’t really matter, they are just starting guesses. 
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Use the third column to display the linear predictions (in other words y=mx+b for the particular x and the guessed parameters for slope and intercept). Note that in the formula =C$2+C$1*A4 the slope  and intercept parameters use dollar signs.  In Excel this in known as Absolute Referencing and it means that when we copy the formula down the column, A4 will change to A5 then A6 but C$2 will remain C$2. After entering the formula, click in the cell (C4), and then move the mouse to the lower right.  The cursor changes from a “thick cross” to a “thin cross” (you might also see a four-headed arrow, but we want the thin cross).  With the thin cross displaying you can either double click or drag the mouse down to fill in the formula in the cells below C4. 
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In the fourth column above we are displaying the prediction errors – the difference (subtraction) between the measured value (in Column B) and the predicted (fit) value (in Column C).  Note the some are positive and some are negative. Our next step is to square the error so that it is positive whether it’s an underestimation or an overestimation. 
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Next we will add (sum) up all of these squared errors. This gives us a single quantity that takes into account all of the errors. And our goal will be to find the slope and intercept combination that is the “least squares” fit. 
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The values Excel gave use for the Linear Trendline (in the previous lab) should make the Sum of Square result the lowest possible value. Note it went from 0.369 to 0.348
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We now have a criterion – we consider the fit better if the sum of the squares of the predicted errors is less. But now we want to see (at least once) from where Excel is getting its values for slope and intercept. Toward that end let us caluate the average of the X values as well as the average of the Y values. 
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Then we will determine the X deviations – differences (subtraction) between each X value and the average X (note the average uses the $ because it is the same average for all of the rows). 
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Then find the squares of the x deviations as well as the square of the y deviations
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Next calculate the product (multiplication) of the X and Y deviations
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Obtain the sum of the last three calculations 
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We can finally now show from where Excel gets its slope of the best fit. It is the sum of the product of x and y deviations divided by the sum of the squared x deviations. Note that quantity will have as its units the Y units over the X units – which is correct for a slope (rise over run).
 [image: image13.png]Clipboard 1= Font e Alignment e Number Styles Cells

236.0135 126036 14.67748

7 - £ || =xaama
A 5 c o 3 F s H 1 ] K L
slope 0.0622 Xave Yave
Intercept  -0.6697 59459 3.028

Price |Price

per  [per

Barrel |Gallon x A Product

of Ol |of Gas Predictio Square  Sumof  Deviatio Deviatio SquareX SquareY ofxdev Bestfit
3 (§) [Prediction nEror Emor  squares n n dev  dev  andydev slope
4 l'(§)58_3 2.52| 295656 -0.43656 0.130585 0347588 -1159  -0.508 1.343281 0.258064 0.588772] 0.06213)
5| 54.65] 2.69| 272953 -0.03953 0.001563 -4.809 23.12648 0.114244 1625842
6 55.42[ 2.77| 277728 -0.0072 ss1E05 -4.039 1631352 0066564 1.042062
7[ 625 3.16] 32178 -0.0578 0.003381 3.001 9247681 0.017424 0401412
8| 62.04] 3.53| 3245168 0.284832 0.081129 3.481 1211736 0252004 1747462
o[ 62.85] 3.42| 323957 0.18043 0032555 3.391 1149888 0153664 1329272
10 66.28] 3.4| 3452916 -0.05292 o0.0028 6.821 46.52604 0.138384 2537412
1] 64.94] 3.27| 3369568 -0.09957 0.009914 5.481 30.04136 0058564 1326402
12] 55.73] 2.93| 2796706 0.133294 0.017767 2729 13.90544 0009604 0.365442
13| 50.98] 2.59] 2501256 0.088744 0.007875 -8.479 7189344 0.191844 3713802
1
e




The best-fit intercept is the obtained by solving the equation y=mx+b for b and using as the point (X-ave, Y_ave) : intercept is then Y_ave – slope*X_ave 
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While we are at it, we can also calculate the R-squared value as 1-(Sum of Square Errors)/(Sum of Square Y dev). 
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Since it is y’s over y’s (F4 over J14) it has no units and is thought of more as a percentage.  If the prediction were perfect, it would have no errors, and R-squared would be one.  That is, the model would explain 100% of the data. If there is much spread between the y-values and the model predictions as there is just spread in the y data itself (i.e. if F4=J14), then the model predicts nothing and none of the data is explained by the model. 

It is more difficult (and involves some calculus) to show that these values (in L4 and M4 above) are the parameters that minimize the sum of the squared errors. 

Our goal here was to 

1. Get some practice with Excel formulas; we used 
a. Addition, subtraction, multiplcation, division, and squaring 

b. The AVERAGE and SUM formulas

c. Absolute addressing

2. See what criterion is used to determine the best fit; we used the concept of “least squares”
3. See that there is some algorithm for calculating the slope and intercept of the best fit 
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