Center-of-Mass and the Law of the Lever 

Let us work through a concrete example of Archimedes’ geometric argument for the law of the lever given on pages 8-9 in The Great Physicists from Galileo to Einstein (Gamow). 
In this example Mass A is 7 kilograms located at position ( = 0 and Mass B is 3 kilograms located at position ( = 4 centimeters. 
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The center-of-mass ( is given by the formula 
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which in this particular case yields XCM = 1.20.
Next, we are going to construct a line segment that is twice as long as the distance between the two masses and is centered at XCM.  Such a line segment extends from          x = -2.8 (() to x = 5.2 (().  Furthermore, we will divide this new line segment into 20 subdivisions.  Why 20?  20 is twice 10, and 10 was the total amount of mass we had.  Dividing an 8-cm segment into 20 sub-segments results in divisions that are .4 cm wide. 
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Let us count out 14 of the 20 subdivisions to associate with the 7-kg mass and 6 of the subdivisions to associate with the 3-kg mass.  The separation point is at x=2.8 (().  
Now let us take the 7 kg and imagine breaking it into 14 half kilogram masses and placing the first in the middle of the first subdivision (at x=-2.6), the next into the second subdivision (x= -2.2), and so on up to the 14th half-kilogram mass gets placed in the middle of the 14th subdivision (x=2.6). These 14 half-kilogram masses add up to 7 kilograms and are centered at x=0.  Thus they have the same effect as the 7-kg mass located at x=0.  Similarly take the 3-kg mass and break it into 6 half kilogram masses and place them in the middle of the subdivisions surrounding the 3-kg mass located at x=4 (i.e. at locations x =3.0, 3.4, 3.8, 4.2, 4.6 and 5.0).  These 6 half kilogram masses add up to 3 kilograms and are centered at x=4.  Hence they have the same effect at the 3-kg mass located at x=4.  All together now we have 20 half kilogram masses evenly spaced from x=-2.6 to x=5.0, the effect is like having 10-kg located at x=1.2 (a.k.a. the point denoted as (, a.k.a. the center-of-mass).  
In order to hold up and balance the 7- and 3-kg masses, one must apply a force that one would need for a 10-kg mass and apply that force at the center-of-mass of the two-mass system, that is, at x=1.2 in the example above. In a lever this force is provided by the fulcrum.  
The choice of the coordinate system with the 7-kg mass at x=0 and 3-kg mass at x=4 was somewhat arbitrary.  If we had chosen the 7-kg mass to be a y=2 and the 3-kg mass at y=6 (adding 2 to each), then the center-of-mass would have been at y=3.2 (adding 2 to it). We can take advantage of this feature by making placing the origin (value at which the position variable is zero) at the center-of-mass.  In such a coordinate system, the 7-kg mass is z = -1.2 and the 3-kg mass is at z=2.8.  Now the absolute values of the positions are the so-called lever arms.   In this coordinate system, the formula for center-of-mass becomes
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which can be written as 
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where ℓA = -zA and ℓB = zB.  We added the g, which is the acceleration due to gravity, on both sides since strictly speaking it is weight, a force, which plays a role in the law of levers and not mass.  (If there were not gravity, we would not have to play this balancing act.)  We see that if we wanted to keep a given side of the equation unchanged but we doubled the weight, we could compensate by halving the lever arm.  This feature is the reciprocal relationship known as the law of the lever.  
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