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LAB 12

Karnaugh Map Review

Recall that combinatorial logic is logic in which all outputs are determined solely by the current state of the inputs – no recalling of previous states as in sequential logic/memory. Combinatorial logic can be expressed in terms of a truth table.  In a truth table all possible inputs are displayed along with the corresponding output(s).   Truth tables can in turn be expressed as combinations of logic gates (ANDs, ORs and NOTs).  For example, one can use the product of sums approach to arrive at an expression.  One can also use the sum of products approach, which demonstrates that the expression for a truth table in terms of logic gates is not unique.  Since logic gates are realized on a chip as a combination of transistors, it is beneficial to have an expression for the truth table that is efficient – fewer or smaller logical gates means fewer transistors means less room taken up on the chip, lower manufacturing costs, etc. 

If two of the terms in a sum of products expression differ by one and only one term then a simplification is possible. For example, 

A’B’C + A’BC’ + AB’C + ABC’ + ABC

  can be simplified 

A’B’C + A’BC’ + AB’C + AB(C’ + C)

which becomes

A’B’C + A’BC’ + AB’C + AB

A Karnaugh map is a technique used to organize a truth table so that such simplifications become apparent.  The method uses the gray code order of binary numbers.  Gray code is an ordering of binary strings that has the rule that two consecutive strings differ by one and only one bit.  Additionally the truth table inputs are rearranged into rows and columns instead of simply rows. So

	A
	B
	C
	Out

	0
	0
	0
	0

	0
	0
	1
	1

	0
	1
	0
	1

	0
	1
	1
	0

	1
	0
	0
	0

	1
	0
	1
	1

	1
	1
	0
	1

	1
	1
	1
	1


becomes 

	A
	B \ C
	0
	1

	0
	0
	0
	1

	0
	1
	1
	0

	1
	1
	1
	1

	1
	0
	0
	1


 Adjacent 1’s in the same row or column lead to simplification.  For example the pair shown below

	A
	B \ C
	0
	1

	0
	0
	0
	1

	0
	1
	1
	0

	1
	1
	1
	1

	1
	0
	0
	1


corresponds to 

A’BC’ + ABC’

which simplifies to

BC’

Another pairing seen in this table is 

	A
	B \ C
	0
	1

	0
	0
	0
	1

	0
	1
	1
	0

	1
	1
	1
	1

	1
	0
	0
	1


corresponds to 

ABC’ + ABC

which simplifies to 

AB

Consider that such a pair has two sets of inputs and that one of the individual inputs changes while the other inputs remain the same.  The changing input is eliminated upon simplification.  

	A
	B \ C
	0
	1

	0
	0
	0
	1

	0
	1
	1
	0

	1
	1
	1
	1

	1
	0
	0
	1


AC

At first glance it would appear as though the output in the upper right (the orange 1) cannot be paired up.  However, the gray code property (that only one bit changes) is also obeyed by the first and last rows.  So another pairing is possible

	A
	B \ C
	0
	1

	0
	0
	0
	1

	0
	1
	1
	0

	1
	1
	1
	1

	1
	0
	0
	1


B’C

Certain outputs belong to more than one pairing, but that is fine.  An expression for all of the pairings gives the simplified expression

BC’ + AB + AC + B’C

The Seven-Segment Display

One way to display a number is to use a seven-segment display as shown below.  A digit (0-9) is input in binary form.   The truth table for lighting the appropriate segments is shown below.    
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	W
	X
	Y
	Z
	a
	b
	c
	d
	e
	f
	g

	0
	0
	0
	0
	0
	1
	1
	1
	1
	1
	1
	0

	1
	0
	0
	0
	1
	0
	1
	1
	0
	0
	0
	0

	2
	0
	0
	1
	0
	1
	1
	0
	1
	1
	0
	1

	3
	0
	0
	1
	1
	1
	1
	1
	1
	0
	0
	1

	4
	0
	1
	0
	0
	0
	1
	1
	0
	0
	1
	1

	5
	0
	1
	0
	1
	1
	0
	1
	1
	0
	1
	1

	6
	0
	1
	1
	0
	1
	0
	1
	1
	1
	1
	1

	7
	0
	1
	1
	1
	1
	1
	1
	0
	0
	0
	0

	8
	1
	0
	0
	0
	1
	1
	1
	1
	1
	1
	1

	9
	1
	0
	0
	1
	1
	1
	1
	1
	0
	1
	1


Entering the appropriate values for the segment b into the K-map version of the truth table.  Note that although there are 16 possible inputs, we only care about 10 of them.  You can choose these “don’t care” values as either 1 or 0, so try to choose them in a way the leads to a lot of simplification.  

	Segment b
	Z
	0
	1
	1
	0

	W
	X \ Y
	0
	0
	1
	1

	0
	0
	1
	1
	1
	1

	0
	1
	1
	0
	1
	0

	1
	1
	
	
	
	

	1
	0
	1
	1
	
	


	Segment b
	Z
	0
	1
	1
	0

	W
	X \ Y
	0
	0
	1
	1

	0
	0
	1
	1
	1
	1

	0
	1
	1
	0
	1
	0

	1
	1
	1
	
	
	

	1
	0
	1
	1
	
	


Entering the 1 shown above makes the first column a group of 4.  Karnaugh simplification groups have to be powers of 2 (1, 2, 4, 8, …). 

W’X’Y’Z’ + W’XY’Z’ + WXY’Z’ + WX’Y’Z’

W’Y’Z’(X’+X)  + WY’Z’(X+X’)

W’Y’Z’  + WY’Z’

(W’ +W) Y’Z’  

Y’Z’

	Segment b
	Z
	0
	1
	1
	0

	W
	X \ Y
	0
	0
	1
	1

	0
	0
	1
	1
	1
	1

	0
	1
	1
	0
	1
	0

	1
	1
	1
	
	
	

	1
	0
	1
	1
	1
	1


Entering 1’s across the bottom make the first and last rows a group of eight. This simplifies to just X’ since that is the only input that doesn’t change for this group. 

The only 1 that has not yet been in a group is in the second row, third column of outputs. 

	Segment b
	Z
	0
	1
	1
	0

	W
	X \ Y
	0
	0
	1
	1

	0
	0
	1
	1
	1
	1

	0
	1
	1
	0
	1
	0

	1
	1
	1
	
	1
	

	1
	0
	1
	1
	1
	1


Entering a 1 in the third row, third column, put this last remaining 1 in a group of four which is represented by YZ. 

So the overall expression is 

Y’Z’ + X’ + YZ

Your turn. 

Enter the appropriate values for the segment e into the K-map version of the truth table.  Note that although there are 16 possible inputs, we only care about 10 of them.  You can choose these “don’t care” values as either 1 or 0, so try to choose them in a way the leads to a lot of simplification.  

	Segment e
	Z
	0
	1
	1
	0

	W
	X \ Y
	0
	0
	1
	1

	0
	0
	
	
	
	

	0
	1
	
	
	
	

	1
	1
	
	
	
	

	1
	0
	
	
	
	


Simplify the expression and write it below.  

	


Repeat the exercise for segment f.  

	Segment f
	Z
	0
	1
	1
	0

	W
	X \ Y
	0
	0
	1
	1

	0
	0
	
	
	
	

	0
	1
	
	
	
	

	1
	1
	
	
	
	

	1
	0
	
	
	
	


Simplify the expression and write it below.  

	


















































